We define an equivalence relation on the class of torsion-free abelian groups under which two groups are equivalent if every pure subgroup of one has a non-zero image in the other, and each has a non-zero image in every torsion-free factor of the other.
Introduction
Torsion-free abelian groups are notoriously difficult to classify, even up to quasi-isomorphism. In this paper we define an equivalence relation coarser than quasi-isomorphism on the class of all torsion-free abelian groups. We show that the equivalence classes form a structure for which the fundamental classification theorems of algebra are meaningful and frequently true. For example, Kaplansky's Test Problems have a positive solution for all equivalence classes, and the Krull-Schmidt and Jordan-Holder Theorems hold for the equivalence classes of finite rank torsion-free abelian groups having no proper nilpotent endomorphisms. 120 P. Schultz, C. Vinsonhaler and W. J. Wickless [2] Let 9 s denote the class of all torsion-free abelian groups, hereafter simply called "groups". For any A e ? , define the left annihilator of A by A = { 7 e ? : Hom(7, L . The notion of annihilators dates back to [ 1 ] ; they have been used repeatedly in the study of torsion theories. The relations < r and ~r were defined, and the classification program initiated, in [4] . The dual relations < l and ~; were defined in [5] . In the latter, Wickless studied especially the finite rank groups and showed that each such group A has a pure subgroup A } , called the left core of A, minimal with respect to A ~t A l ; and a factor group A r = A/K, called the right core of A, such that K is maximal with respect to A ~r A/K .
The left core is defined as follows. If £?(A) has no non-zero nilpotent endomorphisms, let A l = A. Otherwise there exists 0 = f 2 / / e £"(A). In this case let A l = k e r / and note that ^t is a proper pure subgroup of A. Now consider ^(A { ) and repeat this process to obtain, after a finite number of steps, a pure subgroup A l of A such that ^(A^ has no non-zero nilpotent endomorphisms. It is not hard to check that A ~; A l ~; • • • ~; A t .
To define the right core, we define a sequence A' of successive factor groups by A 0 = A and for i > 0, A i+l = ^' / ( I m / ) , , where 0 = f / / € &{A'), and ( I m / ) t denotes the pure subgroup of A 1 generated by the image of / . The group A r is the first A J such that ^(A j ) has no non-zero nilpotent endomorphisms.
In [5] it is shown that the left and right cores are unique up to quasiisomorphism and determine the ~7 and ~r classes of A, in the sense that A ~7 B if and only if A l is quasi-isomorphic to B t , and similarly for the right. These striking properties led the present authors to believe that a special role would be played by the « classes of finite rank groups whose left and right cores are quasi-isomorphic. We call these "groups of core type"; they are investigated in Section 4.
The notation used is mostly standard. If 38 is a family of groups, ®3 § means the direct sum of the members of &. We assume familiarity with the usual 'quasi'-concepts for finite rank groups. We denote quasi-equality and quasi-isomorphism by = and ^ and the quasi-endomorphism ring of
G by Qg(G).
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700032900 [3] Annihilator equivalence of torsion-free abelian groups 121
Basic properties of the « relation
Let j / be the class of ^-equivalence classes [A] for A in %, and let -< be the order induced on j / by < . Then A&B.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700032900
Intrinsic criteria for A « B
In order to apply the definition of « , it is essential to be able to recognize when the group structures of A and B imply Am B. 
Groups of core type
In this section we consider only groups of finite rank. Recall from the introduction the definitions of left and right core. Note that a finite rank group has a division ring as quasi-endomorphism ring if and only if its endomorphism ring has no zero-divisors, [ We now use these results to prove a Krull-Schmidt Theorem for groups of core type, up to equivalence. First we need notions of indecomposability and uniqueness with respect to » . A naive approach is not sufficient, since for any group A, A w A © A . DEFINITION 
A group G is ^-indecomposable if whenever A is a nonzero pure subgroup of G with
The w-indecomposables are easily characterized. PROPOSITION Corollary 4.6 is analogous to the Krull-Schmidt Theorem for finite rank groups up to quasi-isomorphism. We shall now prove an analogue of the Jordan-Holder Theorem for finite groups. DEFINITION 4.7. Let £8 be a core system and let G= © 3S. Let H be a group. A left G-filtration for H is a descending chain of pure subgroups use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700032900
G is ^.-indecomposable if and only if £?(G) has no zero-divisors.
quasi-isomorphic to a subgroup of some G j(l) € 38. We say R i /H i+X is quasi-embedded in G J{i) . A G-filtration for H is a left G-filtration such that each H t /H j+l is quasiisomorphic to some G ;(l) .
Let 38 be a core system and let G= ®3S . In [5] it was shown that for any group H, H <j G if and only if H has a left G-filtration. The following lemma establishes an analogous result for the relation < and (/-nitrations. LEMMA 4.8. Let G±®38 for some core system 38 . Let 0 ^ H be a group with H « G. Then H has a G-filtration.
The proof of the lemma is by induction on the rank r of H. If r = 1 then n -1 and H = H Q is quasi-embedded in some Gj e 38. Moreover since H < r G, Hom(G, H) / 0 so some Hom(G fc , H) ^ 0. Since Hom(G fc , G 7 ) = 0 for k / ; , it follows that k = j and Hom(G ; .
,H)^0. Let 0^/ e Hom(G J , H) and let 6 be a quasi-embedding of H into G 7 . Then 0 ^ fd e Ql?(G ; ), a division algebra. Thus fd is a quasi-invertible endomorphism of G ; whose image is quasi-equal to Gj. Hence rank Gj = 1 and H = G , so our result holds for r = 1. Now assume the result holds for all groups of rank smaller than r. Since  Hom(G,, G Let # be the purification of G X P in H. For J < / let H t = // ( /A: and for t > i + 1 let //, = (H t ® K)/K. Then it is easy to check that
Clearly R < r H < r G and rank R < rank H so inductively there exists a filtration of R with each factor quasi-isomorphic to some G i(j) . To complete the proof we recall that K= G, and construct the obvious G-filtration for H. THEOREM 
integers t(j) and s(j).
PROOF. The sufficiency of the condition follows immediately from Corollary 4.10.
For necessity, suppose ^(G) has no zero-divisors and H is a group with H w G. Then by Corollary 4.10, H has a filtration H = H Q > H { > > H n = 0 with each HJH i+x ^ G. The proof is by induction on n, and the result is clearly true if n -1. Let n > 1 and assume the theorem holds for all groups having a shorter such filtration. To simplify notation, denote use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700032900
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